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Phase-sensitive transport through a quantum dot coupled to an Aharonov-Bohm ring is analyzed.
In this geometry the spectral density of states is directly related to the conductance. It is shown
that the Kondo resonance depends on the phase and on the total number of electrons (modulo 4) in
the mesoscopic ring. The effect of the discrete level spacing in the ring and of the coupling to the
electrical leads is discussed.
PACS numbers: 72.15.Qm, 73.40.Gk
The Kondo effect is one of the most intensively studied
topics in many-body physics [1], which describes several
anomalous features observed in metallic systems with em-
bedded magnetic impurities. Due to the recent remark-
able progress in the nano-fabrication of electronic devices
it is now possible to investigate the Kondo effect by using
nano-structures in a highly controlled way [2–5]. These
investigations clearly demonstrate that the Kondo reso-
nance provides a new channel for electric current through
a quantum dot (QD) attached to two separate electrodes,
and gives rise to an enhanced conductance at low bias and
temperature [6–13].
Basically the Kondo resonance is a phase-coherent pro-
cess characterized by a resonance phase shift of pi/2
with unitary cross section for symmetric junctions at
T = 0 [6,7]. The phase-coherence of the Kondo-resonant
transmission has been theoretically investigated by con-
sidering an Aharonov-Bohm interferometer with a QD
embedded in one of the two arms [14–17], and confirmed
in recent experiments [18,19]. In this geometry, the dot
was considered to be embedded in a host with continu-
ous spectrum, and the transmission amplitude through
the QD is independent of the Aharonov-Bohm flux as
long as the electron transmission is dominated by the
two direct paths of electron propagation [17].
More recently, it has been also suggested that a meso-
scopic Kondo effect can be detected in a QD embedded
in an isolated small ring by studying the behavior of the
persistent current [20–24]. In this case, the nature of
the Kondo effect depends on the Aharonov-Bohm phase.
Meanwhile, it seems to be a rather difficult task to re-
alize experimentally such environments. In this Letter,
we propose and theoretically investigate a device setup in
which a phase-dependent Kondo resonance can be studied
by using more easily accessible transport measurement.
The geometry considered here consists of an interacting
quantum dot, connected to one side with a Aharonov-
Bohm ring and weakly coupled to two electrical leads
(see Fig. 1). In contrast to a system of a Kondo impu-
rity embedded in a mesoscopic “box” [25], the spectral
density of states (DOS) of the QD is directly measurable
in our geometry, and one can systematically study meso-
scopic effects on the Kondo resonance as a function of
the Aharonov-Bohm phase.
The Hamiltonian of the system can be written as
H = H0 +
∑
α=L,R
Hα + T , (1)
where H0 is the Hamiltonian term for the dot-ring sys-
tem, Hα describes the left (L) and the right (R) lead,
and T accounts for the tunneling between the QD and
the two leads. H0 is decomposed into
H0 = HQD +HRing +Ht′ , (2)
where HQD, HRing, and Ht′ correspond to the Hamilto-
nians describing the quantum dot, the AB ring, and the
dot-ring hybridization at site “0”, respectively:
HQD =
∑
σ
εdd
†
σdσ + Unˆ↑nˆ↓ , (3a)
HRing = −t
N∑
j=1
∑
σ
(
eiϕ/Nc†jσcj+1σ + h.c.
)
, (3b)
Ht′ = −t
′
∑
σ
(
d†σc0σ + c
†
0σdσ
)
. (3c)
Here, we describe the ring by a tight-binding Hamilto-
nian with N lattice sites, and the QD by a single An-
derson impurity. εd is the single particle energy, and U
is the Coulomb interaction in the QD. The phase ϕ in
Eq. (3b) comes from the Aharonov-Bohm flux, and is de-
fined by ϕ = 2piΦ/Φ0, where Φ and Φ0 are the external
flux and the flux quantum (= hc/e) respectively. Note
that Eq. (3b) can be diagonalized and the corresponding
eigenvalues are εm = −2t cos
1
N (2pim+ ϕ) (m being any
1
integer number). The two leads are described by the cor-
responding reservoirs, consisting of non-interacting elec-
trons with the single particle energies εkα (α = L,R):
Hα =
∑
kσ
εkαa
†
kσαakσα , (4)
and the difference between the chemical potentials is pro-
portional to the applied voltage V , i. e., µL − µR = eV .
Finally, the tunneling between the QD and the reservoirs
is written as
T =
∑
kσα
ταk
(
a†kσαdσ + h.c.
)
. (5)
In the wide-band limit of the reservoirs the current
through the QD can be obtained by employing the for-
mula [26]
I =
2e
h¯
∑
σ
∫
dω Γ˜(ω) {fL(ω)− fR(ω)} ρσ(ω), (6)
where Γ˜(ω) = ΓL(ω)ΓR(ω)/Γ(ω) with Γα(ω) =
pi
∑
k |τ
α
k |
2 δ(ω − εkα) being the coupling strength be-
tween the QD level and the lead α, and Γ(ω) = ΓL(ω) +
ΓR(ω). The spectral density of states in the QD is
ρσ(ω) = −
1
pi ImGσ(ω) and fα(ω) = 1/(e
β(ω−µα) + 1) is
the Fermi function of lead α. The calculation of the cur-
rent in Eq. (6) only needs the DOS in the QD, which can
be obtained from the corresponding one-particle Green’s
function.
In this work we shall calculate the retarded one-particle
Green’s function of the QD employing the following ex-
pression:
Gσ(ω) =
1
ω − ε0 −
∑
α∆α(ω)− η(ω)− Σ(ω)
, (7)
where ∆α(ω) describes the self-energy contribution of the
dot-leads tunneling [13,27], η(ω) = 1/N
∑
m t
′2/(ω−εm)
accounts for the dot-ring coupling and Σ(ω) is the self-
energy contribution due to the on-site Coulomb interac-
tion U . According to Ref. [13] one can address the latter
problem by means of the following ansatz
Σ(ω) = Un+
aΣ(2)(ω)
1− bΣ(2)(ω)
, (8)
where the quantities a, b, and n (the occupation number
of the QD level) have to be determined self-consistently,
and Σ(2) is the second order self-energy in U . This ansatz
gives the correct weak and strong coupling limits for all
range of parameters, including Kondo, charge fluctua-
tion, and even-number site limit [10,13]. We shall in what
follows assume that the energy levels of the ring are half-
filled, and consider only the symmetric case for the dot
(εd = −U/2). The former assumption implies that the
number of electrons in the ring is equal to the number of
lattice sites (N). In addition, we chose U = 1.2t and a
parabolic form of Γα(ω) [13,27] centered at ω = 0 with
bandwidth W = 4.8t.
Let us begin by analyzing the limit of weak tunneling
between the QD and the reservoirs (Γ ≪ t′2/2t), where
we shall neglect the reservoirs in the calculation of the
DOS. Moreover, to be consistent with our study of the
effect of the reservoirs, we shall assume here a grand-
canonical description, even for the isolated ring-dot con-
figuration. Fig. 2 shows the N -dependence of the DOS
for the QD level in the absence of the AB flux. For large
N , our results are identical for all values of N , and the
DOS is shown to be independent of both N and ϕ, as
expected. It is worth mentioning that the DOS depends
on N4 ≡ N modulo 4 for small sized rings (N <∼ 1000
for the parameters used in Fig. 2). Two remarkable fea-
tures are found by decreasing the size of the ring. First,
small satellite peaks appear away from the Fermi level.
These peaks are originated by the discrete level spacing
in the ring, and become pronounced by decreasing N .
Second, the single-particle excitation at the Fermi level
- the Kondo resonance in the continuum limit - suffers a
drastic change. By reducing N , the Kondo resonance is
suppressed (N = 4n+ 2) or split into two peaks with a
pseudo-gap, depending on the value of N4. Such effects
are signatures of destruction of the Kondo cloud, caused
by the finite size of the ring. A similar feature has been
found in the study of a “Kondo box” [25], which also
shows a parity-dependent Kondo resonance. In our case,
this situation is more complicated by the orbital degen-
eracy of the ring as well as by the spin degeneracy.
Fig. 3 shows the phase-dependence of the Kondo reso-
nance for different phases and values of N4. In this figure
one can see that the Kondo resonance at the Fermi level
is strongly phase-dependent for small sized rings, and this
resonance depends on N4 as well. An interesting point
to be considered is that the DOS for a given N and ϕ
(ρN (ω, ϕ)) satisfies the relation ρN (ω, ϕ) ≃ ρN+2(ω, ϕ+
pi). These result follows form the expression of the single
particle energies of the ring: εm = −2t cos
1
N (2pim+ ϕ),
because for sufficiently large N (≫ 1), the configuration
of the energy levels and its occupation near the Fermi
level is invariant under the transformation N → N + 2
along with ϕ→ ϕ+ pi.
The effects of the coupling of the QD to the leads has
been neglected up to here in all our calculations of the
DOS, and in Fig. 4 we show those effects for small cou-
pling (Γ≪ Γ′) and contiguous values of N corresponding
to the four possible configurations. In most cases, the
general feature of the DOS is only slightly modified due
to this small coupling. As one may expect, the Kondo
resonance is slightly enhanced, but for some particular
configurations, see for example Fig. 4(b), the DOS near
the Fermi level is strongly modified, and the Kondo res-
onance is dominated by the lead-dot coupling.
In conclusion, we have studied the effect of an
2
Aharonov-Bohm ring on the Kondo resonance of a meso-
scopic quantum dot. To this purpose we have proposed
and theoretically investigated a device setup in which the
phase-dependent Kondo resonance might be analyzed ex-
perimentally. We have found that the Kondo resonance
at the Fermi level of the dot is strongly affected by the
size of the ring as well as by the magnetic flux, which
clearly demonstrates the mesoscopic nature of the Kondo
scattering. We have shown that the Kondo resonance is
strongly suppressed or split into two peaks depending on
the number (modulo 4) of electrons in the ring. It has
been further verified that the resonance shows a strong
phase-dependence for rings of small size. We have also
analyzed the effect of the coupling between the QD and
the two leads. We show that the DOS around the Fermi
level is modified by the coupling in a manner that de-
pends on N4.
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FIG. 1. Schematic figure of the device setup.
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FIG. 2. Single-particle DOS of the QD level for ϕ = 0
and the different values of N (modulo 4). (a) N=52
(dot-dashed), N=100 (dotted) and N=1000 (solid); (b) N=54
(dot-dashed), N=102 (dotted) and N=1002 (solid); (c) N=53
(dot-dashed), N=101 (dotted) and N=1001 (solid); and, (d)
N=55 (dot-dashed), N=103 (dotted) and N=1003 (solid).
The remaining parameters are U = 1.2, εd = −0.6, Γ
′ = 0.08,
and Γ = 0, in units of t.
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FIG. 3. Single-particle DOS of the QD level for (a) N=100,
(b) N=102, (c) N=101 and (d) N=103, and different values
of the phase: ϕ = 0 (dot-dashed), ϕ = pi/2 (solid) and ϕ = pi
(dotted).The other parameters are the same used in Fig. 2.
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FIG. 4. Single-particle DOS of the QD level for (a) N=100,
(b) N=102, (c) N=101 and (d) N=103, and different values
for the dot-leads coupling: Γ = 0 (dot-dashed) and Γ = 0.03
(solid). The other parameters are the same used in Fig. 2.
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